Day 3: 1.3 Limit of a Function

In mathematics, the function describes how two quantities are related. Calculus is concerned with HOW a
change in one quantity is related or dependent upon a change in the other.

Example 1
What happens to the value of a function, f(x), as x gets closer and closer to a particular value, x=a?

Given the graph of f(x)=x’ +1 examine what the value of f(x) 10 g
approaches (from both sides of the function) when: _ '\\ 8 /‘
Mo lg /
x=1 from the left= ) from the right = ¢, °
LN
x=2 from the left= 5 from the right = 7 Nl
—
x =23  fromtheleft= | from the right = 0 R 1 :
Example 2 4
For each of the graphs below, examine what the value of f(a)

approaches (from both sides of the function).

Fromtheleft =" From the left= L, From the left= 7
From the right = | From the right = L- From the right = 3
y=1(x) ¥ =£{x)
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y =£(x)
o -3 X
{a) (b} (o)
The Limit of a Function
The notation: lim f(x) =L
x —a
What it means: the limit of f(x)as x approaches ais L. (as x approaches a from either side).
Important!

We are looking for the limit of f(x) as x approaches a, which is not necessarily the value of f(a). A good example
of when the limit does not equal f(a) is example 2 b.
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One-Sided Limits |
- Left-hand Limit: lim f(x) denotes the limit approaching a from the left side
x—a”
Right-hand Limit: li-m+ f(x) denotes the limit approaching a from the right side
x-a
Two-sided limits (just called the limit)

lim f(x) denotes the limit approaching a from both sides
x —a

f;e Existence of a limit \

A function f(x) has a limit as x approaches a if and only if the right-hand and left-hand
limits at a exist and are equal.

lim f(x) =L < lim f(x)=Land lim f(x)=L
X —a X —a X —a

(iff = if and only if, in symbols it is represented by <)

What is the difference between if and iff?

A pie is on the table. Sophie will eat the pie if it is a blueberry pie. (If the pie is pumpkin will Sophie eat it?
Maybe, we don’t know).

A pie is on the table. Sophie will eat the pie iff it is a blueberry pie (If the pie is pumpkin will Sophie eat it?
Nope).

Example 3:

L -
oLty < 1 P
fx) = _ bite=1 3 e yein
24+ Vx— 1,ifx > 1 N - |
Determine if the limit exits: . S -
lim f(x) = A-n e Wore oo
x -1 A A X
i . , - lime Loo- ¢ -
Lc,m/ fog= 2. ﬂﬁ(x),,, ©
: X2
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Example 4: Determine if the limit exists:

1 ] 1

lim f(x) = 5 lim f(0) = ol & lim f(x) = A--¢

Lo fef T fio L= oo
a2 (1 w71 -

Example5:  Determine the following.
) limf) = d-n.e b)
LT# L

N
T T T

o
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5 43 24 | 1 2 A 6
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Properties of Limits
For any real mumber a, suppose that f and g both have limits that exist at x = a.

1. lim & = &, for any constant &

X—ra

dimx = a
X

2
3. T [£() % g(x)] = limf(x) & limg(x)
4. lim [¢f (x)] = ¢[limf{x) ], for any constant ¢
5. im [f(x)g(x)] = [lim ()] [lim g(x)]

o i T _ T ()
ama glx)  lim g(x)

, provided that lim g(x) = O
X—>a
7. lim [f(x)]* = [limf(x)]", for any rational number r
r e x—>a
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But what if we really needed to know the value of f(x) as x =2

,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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x approaches 2 from the left

x approaches 2 from the right

x 1 1.5 1.9 1.999 2 2.001 2.1 2.5 3
x* —4 2 A P 7 £ i A [W e
i 9 5.9 3.9 ;ﬁa‘?i‘fﬁf 5/;@0{ 4, { 5 4

f(x)approaches é’/ from 2?

At
f(x) approaches 4 from 2

Example 7

i) f(3)=2
ii) thg‘ f(x)=2

i) lim f(x) =4

x-»3*
iv) limf(x)=0
O owa s Y=o

Sketch the graph of any function that satisfies the given conditions.
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For Limit Properties, see the table on page 35 of the textbook.

Example £ Determine (g&(é A ﬁg}/ﬁf)ﬁ/ﬁéé@ .

Q)  lim5 =& b) AT = (s e 7
’ 2

X~u-1

S TN A S A lmBrrl = A B

hr 3 = e \E .%} "')“% x5

34

e) lmzz (£ —x*—4) f)  limx*+2x-1

x—>4
) 2. o~ ]
= g2 ~ g%zl

= == 7.3

g o X t2r+4 D) it
= x12 T P —6x+8

2% — f/ﬁ) I S

o o E N .

247 PR LDt

s
i

Y timsin (3 p mEet - Lo (ol fi@%‘iﬂ“&é’j

PR
3 R

—  Sin {T?> Mim \L( ;;JM > li %ﬁ ;Kgi Hoct | dne
— O . %9
S Y 5 3,
Example % Let g(x) = Ax + B, where A and B are constants. If 9161_13 g(x) =-2 and xlj)rgl g(x) = 4, find the
values of A and B. " ‘ . L SW o af ZQCM%P/H
Acm- (‘ﬂfxf»{wﬁ)ﬁi —2=2 AtB=ET P &/@ éj ubshifon
x2 ) ~ o/ @mei/uff) L
L {f/é o ‘@) =4 =
=1
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